Abstract. We show that the maximum moments of the sum of independent positive semidefinite random matrices with given norm upper bounds and norms of expectations is attained when all the random matrices are the multiplications of certain random variables and the identity matrix.
1. Main result Theorem 1.1. Let p, n, N ≥ 1 be natural numbers. Let L 1 , . . . , L N > 0 and α 1 , . . . , α N ∈ [0, 1]. Among all independent, positive semidefinite n × n random matrices X 1 , . . . , X N satisfying X k ≤ L k and EX k = α k L k for all k = 1, . . . , N , the quantity
In the case when N = n, L k = 1 and α k = 1 n , by [2, Theorem 2.5], it follows that for all independent, positive semidefinite n × n random matrices X 1 , . . . , X n satisfying X k ≤ 1 and
where C is a universal constant.
Proof of the main result
Lemma 2.1 (Hölder inequality, [1] , Corollary IV.2.6). Let p 1 , . . . , p r ≥ 1 with
As an immediate consequence, we have Lemma 2.3. Let α ≥ 1. Let A, B be positive semidefinite n × n matrices. Then
Lemma 2.4. Let l 1 , . . . , l r , m 1 , . . . , m r ≥ 1. Let l = l 1 + . . . + l r and m = m 1 + . . . + m r . Let X, Y be positive semidefinite n × n matrices. Then
Proof.
To get the first equality, we write
2 etc. The second equality follows by moving X l 1 2 to the end of the the product in the trace. The last inequality follows from Lemma 2.1.
To simplify the notation, let l r+1 = l 1 . Then we obtain
For each 1 ≤ i ≤ r, we have
where the first inequality follows from the ideal property of the Schatten norm and the second inequality follows from Lemma 2.3. Therefore,
The sum of the powers of X is given by
We conclude that trX
Lemma 2.5. Let l 1 , . . . , l r , m 1 , . . . , m r ≥ 1. Let l = l 1 + . . . + l r and m = m 1 + . . . + m r . Let X, Y be independent, positive semidefinite n × n random matrices such that X ≤ L. Then
where f is a random variable on {0, L} independent from Y with P(f = L) = EX L .
Proof. By Lemma 2.4,
